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model, changes in government debt cause changes in the real interest rate that redistribute
the burden of repayment across generations. We do not rely on the assumption that the
equilibrium is dynamically inefficient, and our argument holds in a version of the OLG model
where the real interest rate is always positive.
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THE HOUSEHOLD FALLACY™*

ROGER E.A. FARMER AND PAWEL ZABCZYK

This version March 2, 2018

In the midst of the Great Recession, John Boehner, former speaker of the U.S. House
of Representatives, stated that it’s time for government to tighten their belts and show the
American people that we ‘get it’ (CBS News’ Face the Nation, March 2, 2009). This argument
has popular appeal with the average person who is familiar with the concept of budgeting in
his or her everyday life. But the idea that government too must ‘tighten its belt’ as a necessary
policy response to higher indebtedness is what we call the household fallacy.

The ‘belt tightening’ view has been widely criticized by a group of journalists and academic
economists, most notably Martin Wolf (2013) and Paul Krugman (2015). Wolf and Krugman
used arguments based on Keynesian economics to claim that austerity, reducing government
spending or increasing taxes, was the wrong policy response to the Great RecessionH They
argued that the level of employment is often inefficiently low, and that fiscal stimulus in a
recession can reduce inefficient levels of unemployment and generate sufficient new tax revenues
to pay for itself.

We provide a different reason to be skeptical of the claim that fiscal deficits must be
actively adjusted to repay outstanding debt. Our results hold even if the economy always
operates at full employment and all markets clear. They rest on the fact that, in an overlapping-
generations (OLG) model, changes in government debt cause changes in the real interest rate
that redistribute the burden of repayment across generations. The interest rate adjustments that
generate this redistribution arise under standard assumptions about utility and endowments but
are assumed away in the workhorse representative agent (RA) model. Our argument does not
rely on the assumption that the equilibrium is dynamically inefficient and it holds in a version

of the OLG model where the real interest rate is always positive.

* We would like to thank, without implicating, seminar participants at the Bank of England, Deutsche Bun-
desbank, Glasgow University and Narodowy Bank Polski.
IFor an updated version of the Keynesian argument see Eggertsson and Krugman|(2012) and for an alternative
reinterpretation of The General Theory with different policy implications, see |[Farmer| (2012).
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1. WHY GOVERNMENT DEBT 4s DIFFERENT: DEBUNKING THE FALLACY

Governments are monopoly suppliers of risk-free treasury securities. In contrast to house-
holds, which are assumed to be price-takers, government debt-management policies have first-
order implications for the interest rate. We show that an increase in government debt can,
under plausible parameterizations of the economy, cause a drop in the real interest rate. As a
consequence, the fiscal authority can run an active policy that ignores the level of debt when
determining the path of the primary fiscal deﬁcitﬂ To make this point formally, we use a two-
generation overlapping generations model. The key to our result is that the agents who hold

government debt are distinct from those who repay it through higher taxesﬁ

1.1. The Supply of Government Bonds. Consider a government which purchases g; units
of a consumption good in period ¢, financed from lump-sum taxation 7 and from the sale of
one period pure discount bonds. A bond issued at date t is a claim on consumption goods at
date ¢ + 1 and we use the symbol b;11 to denote the number of these bonds issued at date t.
Let R;+1 be the real interest factor from ¢ to ¢t 4+ 1 and let 1/R;41 denote the date t price of the

bond. The one-period government budget constraint is given by the expression,

b1
Ry

+ 71 =0b+ g, forallt. (1)

Let d;, defined as,

di = gt — T, (2)

be the primary fiscal deficit, with negative values of d; denoting a surplus. Using this definition,

we may rewrite Equation [I| governing the accumulation of government debt as,
Vit : bt+1 == Rt+1 . (bt + dt) . (3)

1.2. The Demand for Government Bonds. Every period, the young receive an after tax
endowment of 1 unit of the consumption good and the old receive an after tax endowment of

w? > 0 units of the consumption goodﬁ Using the convention that a superscript denotes the

2Leeper (1991)) refers to a fiscal policy as active if taxation and expenditure are independent of the path of
real interest rates.

3The two-period overlapping generations model has been extensively used in the literature. See, for example,
Gale| (1973);|Cass et al|(1979); Balasko and Shell| (1981)); |Grandmont| (1985) and |Geanakoplos and Polemarchakis
(1991)). |Gourieroux et al.|(1982)) and |Azariadis and Guesnerie| (1986)) study stochastic extensions, while [Diamond
(1965|) replaces government debt with capital as the sole investment opportunity. |[Farmer and Zabczyk| (2018)
show that the same mechanism that allows fiscal policy to be ‘active’ in the model is also present in a carefully
calibrated setup featuring 70 cohorts.

4Taxes are covered in more detail in Section [A] of a Technical Appendix that is available online.
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period of life and a subscript denotes calendar time, the saving of the young, s}, is related to

their consumption, ¢}, by the identity,
st=1—¢f,

and consumption in each period of life solves the following maximization problem,

(c1)” + B ()" = (1+5)

max ;
Ctlf C%Jrl o
2 2
c w
1
s.t.: ct1 + 2 =14
Ripq Ry

Here, > 0 and a < 1 are parameters, with the elasticity of intertemporal substitution given by
n=1/(1 — «) and log-utility corresponding to o — 0. This problem has a closed-form solution

for consumption, with the implied savings function of the young equal to,

1-n 2p—N
RtJr1 + w RtJr1

1 _
s (Ri1) = sy =1— -
t Ry + B

(4)

Since the old don’t save, aggregate savings are equal to the savings of the young: S(R:+1) =
s'(Riy1). For bond markets to clear, aggregate savings must equal the existing supply of
government bonds b; plus a stock of new bonds issued (or retired) to cover the primary deficit
d; (or surplus), i.e.

Vit : S (Rp,.l) = bt + dt. (5)

Crucially, Equation [5| establishes that whenever bond demand is less than infinitely elastic, i.e.
as long as S(-) is not vertical, the market clearing real interest rate R;;+1 will depend on the

stock of debt b; + d; which the government has to refinance.

1.3. The Real Rate as an Automatic Stabilizer. Our full model comprises Equations
and [5| with initial condition b; = b;. In what follows we limit attention to dynamics around

steady states that satisfy the following two conditions.

Condition 1 (Active Fiscal Policy). The primary fiscal deficit dy is constant and negative
Vt:d; =d<0.

We further impose

Condition 2 (Dynamic Efficiency). There exists a date t and a number e > 0, such that

Vs>t:Rs>1+e.
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Condition [I]is meant to characterize fiscal policymakers, who, to paraphrase John Boehner,
‘don’t get it’. Specifically, they fail to adjust the size of the primary deficit d in response
to changes in economic conditions and the level of debt outstanding. We focus on this case
to demonstrate that, contrary to those who argue for austerity to counteract a recession, an
unresponsive fiscal policy need not result in explosive debt dynamics. In line with post-war US
experience, we assume that d is negative and hence the treasury runs a primary surplusﬁ

Condition [2] requires that the equilibrium real rate eventually becomes strictly positive. We
make this assumption to rule out models with a negative interest rate in which the equilibrium
is dynamically inefficient. It is well known that fiscal policy can be active in this case as a
negative interest rate erodes the value of government debt.

Iterating on Equation [3] and imposing Condition [I] yields,

X[ —d , bs
" tz_; <Hiz Rr) i SETOO [[7— Br
Condition [2| ensures that the limiting term vanishes as long as debt bs does not explode. In any
such equilibrium debt b; can be thus expressed as the NPV of future fiscal surpluses,
X[ -d
by = tz1 (Hf—Q RT> : (6)

As our starting point, we assume that the economy is in a perfect foresight equilibrium
with some initial level of debt b;. The equilibrium assumption implies that the initial level of
debt is related to the expected value of future surpluses by Equation [f] Next, we consider a
thought experiment in which we increase the initial level of debt from b; to some higher level
bnew > b1, say, due to unplanned government expenditure in support of the financial system.
We ask if Equation [6] can continue to hold if the government continues to maintain a constant
positive primary surplus, —d.

According to the household fallacy the answer is no. In the absence of austerity (i.e. falls
in d; for some t) government debt inevitably spirals out of control, leading to a violation of
Equation [6] The argument is a fallacy because it ignores the possibility of equilibrium real
rates (the denominator) adjusting in response to the new initial condition. If there exists a
path of Rs under which Equation [6] holds for different values of by, then the fiscal authority can

run active policy forever and the real rate dynamics prevents government debt from exploding.

SCochrane (2018) shows that the US ran a primary surplus of approximately 2% of potential GDP in almost
every year prior to the Great Recession.
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Because a lower path of real rates in response to a higher initial level of debt b; ensures debt
stability, we refer to the real interest rate as an automatic stabilizer.

But why should equilibrium real rates respond this way to changes in initial conditions?
Because the young are savers, and, if the stock of government debt is large, negative income
effects associated with lower interest rates induce them to consume less and save more. In what
follows we show that income effects are large enough under a credible calibration of our model

for this case to be of practical relevance.

1.4. Equilibrium Stability: The Case of Strong Income Effects. To study the properties

of equilibria we start by defining a steady state to be a pair of numbers {R, b} that solves,
b=R-(b+d) S(R)=0b+d. (7)

It follows from inspection of equations that, when d = 0, there are two candidates for
a steady state: either R = 1 or b = 0. The first of these is what David Gale (1973) calls the
golden rule and the second is what he refers to as an autarkic equilibrium. In our analysis we will
provide a calibrated model in which both of these steady states are locally stable. Further, we
will show that when the government runs a budget surplus of the magnitude we have observed
in US data, there is an equilibrium path of interest rates that automatically stabilizes the value
of government debt without the need for fiscal reform.

To analyze the dynamics of the OLG model we use the bond market clearing condition

(Equation |5)) to define a correspondence ¢ : R :— R such thatﬁ

Rt+1 - Qb(bt + dt)

Using the definition of ¢, we can rewrite Equation [3] as

b1 = f(bt,d), (8)

where

f(be,d) = @by +d) - (by + d). (9)

OIf the aggregate savings function S(-) is invertible, then ¢(-) is simply defined as its inverse. In the case of
strong income effects there will, however, exist multiple levels of the real interest rate R:+1 clearing the bond
market. While Figure [I| plots all of these values, formally we could have proceeded with local analysis and
(uniquely) defined ¢(-) as the inverse of the branch containing the steady state.

5



a<o biyr = f(be +d)

-
by
bey1 = by
S
brer = f(be) e\ Locally stable steady
state with d < 0,b < 0
[ -~ ) and R > 1.

Locally stable ™
steady state with
d=0,b>0and
R=1

v

Autarky,

b=SE) =0 ™.

Locally stable steady state
withb < 0Oandd <0

Ficure 1. The Case of Strong Income Effects

Figure [1|illustrates the case of strong income effects. Under a calibration in which S(1) > 0
both the golden rule and the autarkic steady state are locally stable. It is this property of local
stability which allows the treasury to choose an active fiscal policy that is independent of the
current value of government debt.

The figure also shows what happens when, starting from d = 0, we lower the deficit
and choose a negative value of d in which the treasury commits to run a primary surplus:
The corresponding value of the steady state interest rate, R becomes positive, as required by
Condition Importantly, there exists a path for interest rates that converges asymptotically
to the new steady state bye,. On the figure by is represented by the locally stable steady state
with d = 0 and R = 1 and by, is the steady state with d < 0 and R > 1.

The parameters that we used to draw Figure [1| correspond to a calibration in which:

I5; w? d T n R b

0.086 | 0.0125 | —0.02 | 0.15 | 0.091 || 1.06 | 0.38

Table 1: Strong Income Effects

In this case, we obtain the case of automatically-stabilizing debt discussed previously. The last
two columns of Table 1 show that, in the steady state associated with a surplus of 2% of GDP,
the equilibrium real interest factor is R = 1.06 and the debt to GDP ratio is 38%.

Because we have only two generations, a period corresponds to approximately 40 years.
A calibrated value for 8 of 0.086 implies an annual discount factor of 0.94 which is close to

"The shift causes a parallel shift to the right of the equilibrium correspondence f (b, d) as indicated. Proof
that the corresponding R > 1 is provided in Section [B|of the Online Appendix.
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calibrations used in other studies. Further, the implied steady-state equilibrium interest factor
of 1.06 implies an annual interest rate on treasuries of approximately one tenth of one percent.
Since we abstract from growth, a real rate that is close to zero would correspond in a growing
economy to an interest rate close to the growth rate, which is what we have seen in Post-WWII
US data for the return to US treasury bills. Further, if the second period of life represents
retirement, we can rationalize a relatively low value of w?. This low value causes young people
to hold substantial savings for retirement and ensures the strong income effects that are required
to generate automatic stabilizers.

To conclude, we have provided a calibrated model using standard assumptions in which the
government does not have to actively balance its budget. While our example is highly stylized,
Farmer and Zabczyk| (2018)) show that a more complicated model with 70 generations retain
all of the features discussed here. These numerical examples are thus robust illustrations of the

fallacy of the household finance analogyﬂ

2. CONCLUSION

Macroeconomists are used to making arguments in the context of the representative agent
model where the agent is the only counterparty to government borrowing. In this framework
the demand for bonds is infinitely interest elastic and the real interest rate cannot adjust to
stabilize government debtﬂ By relying too heavily on this stylized representation, economists
have perpetuated the household fallacy. We have shown in this note that the household fallacy
is a feature of the infinitely-lived representative agent model that does not extend to more

realistic demographics.

8In a Technical Appendix, available online, we show that our model can be recast as one in which debt is
denominated in monetary units.
9The argument is formalized in the online Technical Appendix.
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THE HOUSEHOLD FALLACY
ONLINE TECHNICAL APPENDIX

ROGER E.A. FARMER AND PAWEL ZABCZYK

APPENDIX A. TAXES AND FiscaL PoLicy

We start by formally introducing government spending and taxation. Letting @' and @2
denote pre-tax, real endowments we assume real lump-sum tax obligations of 7' on the young
and 72 on the old, such that

1 = w —71

w o= @ -7

Since taxes, like endowments, will be assumed time-invariant, the quantities of 1 and w? ap-
pearing in the consumers’ maximization problem can be interpreted as after-tax endowments,

with the consumers’ optimization problem requiring no further modification.

APPENDIX B. STEADY STATES

B.1. The balanced budget case (d = 0). When d = 0 our setup is essentially the same as
that considered by [Samuelson| (1958) and |Gale (1973)), with population growth set to zero and a
constant relative risk aversion utility specification. A steady state of this model is a pair (R, B)
such that

_ R=m 2R-N _
b= Rb. (B.2)

Proposition 1. The system of steady state equations — has exactly two solutions.
Using the terminology proposed in|Samuelson (1958) and Gale (1973), these are: (i) the golden
rule (GR) steady state, in which RCE = 1 and b1 = s' (1) and (ii) the autarkic steady state,
which has bAY = 0 and RAY solving s' (RAU) = 0. After plugging in and simplifying these can

be shown to equal
1
SGR 7GR B —w? BAU AU (w?)7
=(1,— = — . B.
(RO® §6R) <,1+5n> and  (RAU,BAV) (5,0 (B.3)

Proof. The proof follows from the more general existence theorem in (Gale (1973). Like Gale

1
(1973) we assume away the coincidental case (w?)» = # implying that there will always be two
distinct steady states. The fact that the formulae above satisfy equations (B.1))-(B.2)) completes
the proof. O

Corollary 2. A model is Samuelson (classical) iff B > w? (" < w?).

Proof. |Gale| (1973) referred to a model as Samuelson (classical) if ¢4¢F < 1 (V9% > 1), which
since b = 1 —¢! translates into b%% > 0 (b%F < 0). The corollary then immediately follows from
the formula for 5% in Equation O



B.2. The general case (arbitrary d). We start with a Lemma.

Lemma 3. The solutions to
F(R)=(1-R)s' (R) =d. (B.4)

uniquely characterize all admissible steady state values for R.

Proof. We note that one of two cases is possible.

In the first d = 0 and, as shown in PropositionR = 1 is one of two solutions to our system.
Since the bond market accumulation equation implies (1 - R) b=Rd = (1 - R) (7) + d) =d,
therefore multiplying the bond market clearing condition by (1 — R) we are ensuring that the
roots of (1 — R) st (R) = 0 give us all the SS solutions for R.

In the second case, when d # 0; R = 1 is not a solution to our system because it violates
bond market accumulation. In this case, multiplying by 1 — R is like multiplying by a constant,

hence also implies no loss of generality. This completes the proof. O

This result will prove very helpful as the left hand side of Equation is continuous in R,
and in particular does not depend on the primary fiscal deficit d.

Lemma 4. The savings function s' (R) changes sign once. Letting R* denote the unique zero
of the savings function, i.e. s' (R*) =0 we have VR < R* : s' (R) <0 and s' (R) > 0 otherwise.

Proof. The single sign change is a direct consequence of there being exactly two steady states for
d = 0 (characterized analytically in Proposition . From the definition of the savings function,
Equation [ we also know that
B —w?R

R=n 4 jn
and so, since the denominator is always positive (the domain is restricted to R > 0), therefore

s (R) =

the sign is determined by the numerator. Because 1 > 0 therefore the numerator will be negative

in the vicinity of 0 and strictly positive in +00. This concludes the proof. U

FIGURE 2. The function f(R) = (1 — R) s* (R) in the vicinity of the autarkic
(AU) and golden rule (GR) SS: ‘Samuelson’ calibration.

An immediate implication of Lemma is that the behavior of the f (R) function defined in

Equation [B.4] in the vicinity of the balanced and golden rule steady states for the ‘Samuelson’
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calibration is as depicted in Figure [2[ (note the presence of (1 — R) in the definition of f (R)
which additionally affects the sign). Crucially, the steady state real interest rates R for values
of d # 0 correspond to intersections of the blue lines with the horizontal red-dashed line at
d. The chart also makes clear why we shall refer to the new SSs as the ‘shifted’ autarkic and
golden rule steady states. We can thus immediately read equilibrium values of R corresponding
to small d off the chart. Similarly, we can use Figure [l to characterize equilibrium values of
b corresponding to small d. Information that can be obtained by combining these two tools is

summarized in the following proposition.

Proposition 5. All possible steady state combinations of (R, l_)) for (small) d % 0 are charac-
terized in Table [

Samuelson Case: B > w? Classical Case: B < w?
d<0 | d=0 | d>0 d<0 | d=0 | d>0
I 1 I I 1 ‘
RAU <1 l(%)"<1l <1 >1 :(%>">1: >1
| | | |
bAU <0 0 >0 >0 0 <0
_ | | | |
RGE >1 1 o<1 <1 1 | > 1
| | | |
T n_qp2 ! n_ap2 | N _nn2 n_.n2 | N _ 02 | N _ 02
R |+ > A ﬁH;; >0;+<51+B“f7 —< i I <017>51+ﬁ“j,

TABLE 1. An overview of possible steady state values of bond holdings and the
real interest rate for different calibrations and values of d.

In what follows, we shall focus attention on the ‘shifted’ golden rule steady state corre-
sponding to d < 0 and the Samuelson calibration (bottom two rows of the first column in Table
, for which R > 1 and b > (5’7 — w2) /(14 87) >0 —i.e. in steady state we will have a strictly
positive level of savings and a strictly positive real (net) interest rate, satisfying Condition
for dynamic efficiency.

APPENDIX C. INCOME AND SUBSTITUTION EFFECTS

One of the reasons why we proceed under CRRA utility is to show that our results do
not hinge on ‘exotic’ aspects of the preference specification. Another advantage is that we can
explicitly compute income and substitution effects of changes in Ry41 on the consumption of the
young c}, and we can analyze how these depend on steady state asset holdings. We will show
that income effects will be absent close to any steady state with zero holdings of government
bonds (i.e., if d = 0, in the vicinity of any balanced steady state).

C.1. Marshallian and Hicksian demand functions. To proceed, we pick the second period
good as the numeraire. This is to fix attention and involves no loss of generality. We can then

characterize the Marshallian and Hicksian demand functions.

Proposition 6. Letting c%’M (pl,pg;el,eg;W2) denote the Marshallian (uncompensated) de-

mand function corresponding to prices of p1,p2, real endowments of e; and ey and wealth (in

11



units of the second period numeraire) of W? we have
2
%61 + (62 + W )
n
p1 b1
B+ (B0)

Proof. The proof follows directly from the formula for optimum consumption. O

17M . . 2
Ct (p17p2a617627W ) =

To use the Slutsky decomposition into income and substitution effects we will also need to
define the Hicksian (compensated) demand function, which is characterized below.

Proposition 7. Letting c%’H (p1,p2; U) be the Hicksian (compensated) demand function corre-
sponding to prices of p1 and pa and a utility level of U, we have

n

n—1

Ua+ (1+p5)
1o (om)"

1,H
e (

p1,p2;U) =

L,H 2,H .
Proof. The compensated demands ¢;, ¢;jare solutions to

min cLH + A
1,H 2,H P16 P26 1
St Crta

where maximization is subject to

(™) +8 () —a+8)

(07

=U.

The first two first-order conditions give us the familiar consumption Euler equation

n
2,H b1 1,H
Gr=(8—) ¢

b2
which we can plug into the ‘utility constraint’ to find
1+ ()"
(cb)" — L _p g 1XO
o o
Using n = 1/(1 —a) = a = (n— 1) /n which implies na« =n —1 and 1/a =n/(n—1), and
solving for c% H then gives the required result. O

C.2. The Slutsky Decomposition. We can now invoke the Slutsky Equation, in its version
tailored to a setup with real endowments (see e.g. Silberberg (3rd edition), pp. 299 - 304) which

states
1,.M . . H
dc, ™ (propaser, e W2) ey (p1,po; U*)
(9;01 a]01
TE SE
1,M
0c, (prspaser, e W)

(Ctl’M (pl,p2;€1762; W2) — 1)

1E

oW?

where the total effect of a change in real interest rates on consumption (LHS) is decomposed
into the substitution effect (SE; first term on RHS) and the income effect (IE; second group of
terms), and where U* is the level of utility corresponding to prices p1, p2, endowments e; and
ey and wealth W2, Crucially, we immediately see that the sign and size of the income effect

12



will depend on the savings of the young, i.e. the difference between consumption in the initial
period and the initial endowment of 1.

To make the Slutsky decomposition directly applicable to our setup, we note that by
choosing the second good as numeraire the respective derivatives will need to be evaluated at

(p17p2;€1,€2;W2) = (R, 1; 1,w2;0)

which additionally highlights that the real interest rate R;41 is the only (relative) price in
the model. Increases in R;1; make consumption in the second period cheaper in terms of
consumption in period 1 — less has to be saved by the young to enjoy a unit of consumption
when old — but they also increase income from the stock of saving s' (R, 1) when the young are
net savers. The first of these effects, the substitution effect, will tend to shift consumption into
the future. The second of these effects, the income effect, would tend to increase consumption
in both periods. Accordingly, the total effect of changes in R;y1 on first period consumption,
and hence also on total savings, is ambiguous and is determined by the respective sizes of both

these effects. These are characterized in the proposition below.

Proposition 8. The substitution (SE) and income (IE) effects of a change in the real interest

rate Ryy1 on the consumption of the young c¢' equal respectively

_ Ry +w?
SE = —nB"R]} B + v )77 2
(Rir1 + (Riv18)")
1 LM 2
I1EFE = — ;" (Ryg1,1;1,w%50) — 1.
Rit1 4 (Rey18)" ( o (B ) )

Proof. Straight from the definition of Hicksian demand, the substitution effect equals

op = 9 (R U 0 (zﬁa+u+ﬂ>)fl
1+ B (BR1)"

OR; 1  ORip
_ . < Ua + (14 8) )"il Urat+(1+5)
n—1\1+4B(BR1)"" (1 +p (5Rt+1)n_1>

Ura+(1+5) 71 Ban:lZ _ nR1—1 (Rey1 +w?)
T\ 1+ B(BRy)" ! L+ 8 BR) —nB" R/,

58 —1) (BR1)"* B

1
(Res1 + (Rep1 B)")?
where we have used the fact that the Hicksian demand function evaluated at U* (the first term

in brackets in the final line) is identically equal to Marshallian demand, i.e.

< Uta+ (14 B) >7,L _ Reatu?
1+ B (BRe1)" Rer + (R B)"

The income effects can then be computed as

oM (Risq, 1; 1, w2 W2
IE = - “ ( t+(91W2 v ) <C,}’M (Rt+1,1;1,w2;W2) — 1)
1 LM _ 2. 112
- " Ryy1 + (Reg1B)” <Ct (Rtﬂ’ LL S W) - 1)

which completes the proof. U
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APPENDIX D. DyYNAMIC PROPERTIES OF THE MODEL

Having characterized the steady states and having discussed the importance of the interplay
between income and substitution effects we now proceed to formally analyze the stability of the
golden rule steady state for d = 0. By continuity, the dynamic properties of this steady state
will remain unchanged for small values of d.

For the purpose of linearizing we first define
Vit 2 1: fl (bt, Rt+1) = S1 (Rt+1) — bt —d
Yt > 1 f2 (b, begr, Revr) = b — R (b + d)

with the savings function s! (-) defined in Equation A linear approximation around the steady

state is
vt > 1 fH (b, Rea) = fy - (o= b) + SRy - (Reva — R)
Ve > L SR bes Ret) = 52 (b= ) + Sy - (e —8) + fny - (Ren — )

where all the derivatives are evaluated in the steady state.

In matrix form this can be written as
(Rt ~ )
(be41 — D)

1 -1 1
Fresy Jie 0 —f}

With one exception, all the derivatives in J are easy to find. Specifically

Vt>1:

where

fi=-R Foyny =1 They=—(b+d) fr=-1
which implies that
— 1 —1 r
Jo= | e O 0L
| —(b+d) 1 |0 R
B 1 7 1
_ le2(+1) B 0 1_ _ le3<+1) B B
2—(b+d) 1 0 R 0 —(b+d+R
L fR(+1) a fR(+1)

and so our dynamic equation is

0 1

wis1.| B =B) | 17 T || (Be=B)
- (bt — D) 0 s —0b+d+R (b —b)
R(+1)

We immediately note that the choice of R; is inconsequential. The values of Ry and by only
depend on by, itself an initial condition. Accordingly, the steady state will be stable if and only
if both eigenvalues of J lie within the unit circle. The eigenvalues are roots of the characteristic

polynomial

2 — [+ d)+ R—A
L (Z_)—l—d)—‘rR—)\ - f}lg(_H) .

fl{l(-kl)
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We immediately see that the first eigenvalue is always equal to zero, while the other will depend
on the properties of fll%(+1) if and only if b+ d # 0. This re-iterates the importance of non-zero
steady state bond holdings. Specifically, if b + d = 0 then the steady state would be unstable
whenever R > 1i.e. in all the economically interesting situations. Instead, the case we highlight
is one in which b+ d > 0 and (f}l%(Jrl))il < 0 which helps ensure that (f}%(ﬂ))il (b+d)+ R
lies within the unit circle, ensuring steady state stability.
Unsurprisingly, the exact condition guaranteeing that
BGR

+ RCE| <1

1
f R(+1)
is equivalent to one ensuring that income effects exceed substitution effects. This is characterized
analytically in Proposition [9}

Proposition 9. The Golden Rule Steady State in Samuelson’s calibration is stable if and only
if

(1487 (8" +w?)

(1—pm) (87 —w?)’

Proof. The first condition we require for stability is f}z( +1) < 0 —i.e. we want savings to decrease

as interest rates increase. The derivative of the savings function has already been characterized

when discussing income and substitution effects and equals

~1
7l _ 0s' (Ryy1) _ _Rt+1 + (BR)" — (Rp41 + w?) (1 + nﬁfiRgﬂ)
R(+1) 8Rt+1 (Rt+1 + 67]R?+1)2

and so, in particular, its sign will be determined by the numerator. This, in the Golden Rule
Steady State (where R = 1, and where we evaluate the derivative), equals

— (148" + (L +w?) (1 +n8").
The derivative is negative, implying an eigenvalue smaller than one, if and only if
(1+w?) (1+n8") < (14 67).

which is equivalent to
o BT+1
B —w?’
We additionally want to make sure that the eigenvalue is not smaller than —1, i.e.
st (1)

f 1%2(+1)

o< —w

> —2

Since f 11{( +1) is negative therefore this is equivalent to

s (1) < —2f11%(+1) )
LW R —w (14 67) — 7 (1 + )
(1—p7) (7 = w?) (1—p7) (87— w?)
which is the the required result. Because
s' (1)

f}i’(Jrl)

st (1)
—2

> 2= sl(1) < —2f1%3(+1) — f11%(+1) < = f113(+1) <0
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therefore a necessary and sufficient condition is simply the last one, which completes the proof.
O

APPENDIX E. THE MONETARY EXTENSION

Aside from being very stylized, our OLG model is purely real, potentially raising questions
about the relevance of the automatic stabilizer mechanism in economies where fiat money has
value. We therefore now show how the model can be reinterpreted as the cashless limit of an
economy with nominal government debt, where monetary policy is constrained by the zero lower
bound.

In the nominal OLG model the government continues to purchase g; units of a consumption
good in period t which is financed from lump-sum taxes and through issuance of nominal debt.
Each government bond has a face value of one dollar. B; denotes the number of bonds issued
at time ¢ and B;_q represents the dollar value of debt to be repaid at time ¢. (); denotes the
time t dollar bond price. Proceeds from debt issuance QQ:B; and lump-sum tax revenues p;7y
are used to pay B:_1 to holders of government bonds issued in period ¢t — 1 and to purchase g;
for pyg; dollars. Here p; denotes the price of the consumption good in dollars, which serves as

the unit of account. The government budget constraint, or debt accumulation equation, is

QB — B
QtBt + pe1t = Bi—1 + pige = T =dy
t
where the primary fiscal deficit continues to be defined as in Equation [2| Letting b; i.e. the real
value of government debt maturing at time ¢ equal

B 1
b, = E.1
' Pt (ED)

we can rewrite the government budget constraint as

1 B B 1
Piv1 Dy Di-1 pt+1bt+1_bt:dt-

1/Qt pr pev1 pe 1/Q m
Define the inflation factor by the identity I; 11 = ps41/pt, and note that the nominal interest

rate i; is linked to the bond price, @, via the expression 1+ i; = 1/Q;. Using these relations,
we may combine the Fisher parity equation Ry;41 = (1 + 4;) /II;1 with the assumption that the
nominal interest rate is zero to arrive at a restatement of the government debt accumulation

equation in purely real terms,
Vit >1:by1 = Ryqy (b +dy) .

This matches Equation It is straightforward to show that the bond market clearing
condition obtained from a modified utility maximization problem

i + By — (1+58)
max

Ct,Ct+1 a

s.t.: prc + pry1cer1r = pr t+ pt+1w2

exactly matches Equation[5] We have shown that the more descriptively realistic nominal model
yields the exact same market clearing conditions, and hence the same dynamics for real variables
as the model discussed in the body of the note.
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APPENDIX F. GOVERNMENT DEBT IN A REPRESENTATIVE AGENT SETUP

We conclude by highlighting that the household fallacy is hard-wired into the infinitely-lived
representative agent model. This is because, on the one hand, the representative agent is the
only counterparty to government borrowing and so more debt makes her richer. On the other
hand, the government can only service higher debt by levying more taxes on the representative
agent which exactly offsets any positive effects. As a consequence, bond demand is infinitely
elastic, implying a vertical aggregate demand schedule S(-) and ensuring that real rates are no
longer free to stabilize government debt.

To formally prove this result, consider the consumption-Euler equation in the RA setup,
Vi Z 1: Ct_n = 5015_4_7]1Rt+1~

Let Y; represent the aggregate endowment. When the aggregate endowment and government

purchases, g; are constant, goods market clearing implies

1(Y—9g)™ 1
Vi>1:Ryp1 =7 = —
BY —g) " B
i.e. the real interest rate is pinned down by the inverse of the rate of time preferencem Ac-

cordingly, Equation [6] would now state

00 dt
bi=-> 7

t=1
It follows that if the world was like a representative agent endowment economy then John
Boehner would have been right: if b; happened to be such that the equation above held, then
an increase in initial government debt bye,, > b1 would have to be offset by a plan to increase
taxes or reduce expenditure, i.e. by ‘passive’ adjustment in d; at some date(s) in the future.

This fact is not a legitimate justification of the household fallacy; rather it is an unrealistic

feature of the RA model. We have shown that, in the OLG model, the burden of debt repayment
from old to young can ensure that changes in debt levels affect the young agents’ propensity to
save. In our calibrated example the bond demand schedule is interest-elastic, and equilibrium

variations in the demand for bonds allow the real interest rate to act as an automatic stabilizer.

1014 45 important to note that, even if we had allowed for stochastic fluctuations in the endowment, or for
aggregate investment and a non-zero capital stock, these modifications would not alter the fact that, in the RA
model, the real rate dynamics do not depend on the level of government debt.
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